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We report on the buckling and subsequent collapse of orthotropic elastic spherical shells under
volume and pressure control. Going far beyond what is known for isotropic shells, a rich morphologi-
cal phase space with three distinct regimes emerges upon variation of shell slenderness and degree of
orthotropy. Our extensive numerical simulations are in agreement with experiments using fabricated
polymer shells. The shell buckling pathways and corresponding strain energy evolution are shown
to depend strongly on material orthotropy. We find surprisingly robust orthotropic structures with
strong similarities to stomatocytes and tricolpate pollen grains, suggesting that the shape of several
of Nature’s collapsed shells could be understood from the viewpoint of material orthotropy.
The collapse of spherical shells is as ubiquitous in Na-
ture and technology as it is strikingly diverse, producing
a myriad of post-buckled shapes when the delicate bal-
ance between geometry, material properties, and kinetics
is perturbed. Understanding this behavior is necessary
for a multitude of applications ranging from the preven-
tion of catastrophic failure in water tanks and submarines
[1, 2], and the production of functional colloids [3–5], to
ensuring the survival of pollen during dispersal by har-
momegathy [6, 7], and predicting healthy human blood
cell shapes [8, 9]. Factors like the Poisson ratio [10, 11],
transverse shear and effective bending stiffness [12], vis-
coelasticity [5], and compression rate [13] have already
been implicated in controlling the buckling pathways and
post-buckling conformations for homogeneous spherical
shells. Furthermore, inhomogeneities like variable cell
wall thickness [14], local soft spots [15], and spheroidal
geometries [16] exert an even stronger influence in di-
recting collapse. Computer simulations, along with non-
linear shell theory [17–19] have proved invaluable in eluci-
dating the collapse mechanics of isotropic spherical shells
[4, 10, 13]. However, shells with anisotropic properties,
a common feature of composite materials like biological
cell walls [20, 21], have also been simulated by applying
identical isotropic assumptions, with mixed results [11].
So far, material anisotropy as a potential key player in
shell morphogenesis has been largely excluded from thin
shell analyses.
In this work, a combination of numerical and experi-
mental approaches are used to reveal the diversity of tun-
able and robust post-buckled conformations produced by
the controlled collapse of in-plane orthotropic spherical
shells. We find that adjusting the ratio of elastic proper-
ties between orthogonal directions and varying the slen-
derness of the shell alters the strain energy landscape
of the collapse. This material irregularity therefore regu-
lates the initial buckling and subsequent folding pathway,
driving the system towards three distinct classes of con-
z
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FIG. 1. (a) Schematic representation of a single indentation
on a spherical shell with radius R and thickness h. (b) Illus-
tration of the meridional and zonal directions on the spherical
shell with their moduli Em, Ez.
formations based largely on the degree of orthotropy. We
find that there is a material regime in which orthotropic
spherical shells can be more stable than isotropic ones
under volume-controlled collapse. Finally, we present the
scaling of the critical pressure at which buckling is initi-
ated depending on these two control parameters. With
this new insight into the stability of spherical shells, re-
search on the morphogenesis of pollen grains, red blood
cells, gel phase vesicles, blastulae, and related structures,
is offered a new perspective in explaining the rich variety
of observed shapes.
Thin isotropic spherical shells of radius R, wall thick-
ness h, Young’s modulus E, and Poisson ratio ν, have
been shown to collapse under a critical external pressure
pci in a process resembling a first-order transition given
by [22, 23]
pci =
4E√
12(1− ν2)
(
h
R
)2
. (1)
pci is inversely proportional to the square of the shell
slenderness, which we define as R/h. When subjected
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FIG. 2. Post-buckling conformations of spheres with varying degree of orthotropy λ and slenderness R/h (∆V/V0 = 0.9). Three
distinct buckling phases are distinguishable – single, biconcave double and multiple indentations. The shape of the marker
in the single indentation phase represents the number of corners, N , of its polygonal ridge. Solid lines surrounding a marker
indicate transient behavior, implying that multiple indentations formed before relaxing to a single indentation. The colors on
the simulation figures correspond to radial displacement. Movies of each of the three phases can be found in the Supplemental
Material [? ]. Experiments: Side view of collapsed shells (R/h = 90) floating underwater for orthotropic (λ = 0.15) and
isotropic (λ = 1) systems.
to an increasing uniform external pressure p < pci, the
spherical shell contracts isotropically, resulting in in-
creased elastic energy due to in-plane compression, while
maintaining a constant bending energy. When pci is
reached, the compressive stress is released at the cost of
a transverse deflection in the form of a local indentation
(Fig. 1(a)). In anisotropic shells, some areas are more
prone to grow inwards than others, leading to symmetry
breaking and a lower critical pressure, pc.
In Nature, buckled spheroidal shells are usually found
as a result of a prolonged period of fluid loss, either by
drying or controlled expulsion, rather than an immedi-
ate collapse at a constant external pressure [4, 6, 8, 9].
The controlled collapse of a spherical shell can be simu-
lated numerically using a finite element solver coupling
shell to hydrostatic fluid elements [24, 25] (as opposed
to mass-spring models published in earlier works [4, 13]).
The interaction between the shell and the encapsulated
fluid corresponds to a fluid cavity constraint, given by
V − V = 0, where V is the volume enclosed by the shell
and V is the volume of the fluid. The fluid volume is con-
trolled by making its fluid density ρt a function of sim-
ulation time t, using the relation ρt = (1 + αt)ρ0, where
α is the expansion coefficient and ρ0 is the fluid density
in the original unstressed configuration. Unlike previ-
ous studies on isotropic shells [4, 11], we limit ourselves
to studying equilibrium post-buckling conformations by
setting α = −0.1 s−1 and simulating t = 0 → 10 s. This
low fluid volume compression rate ensures that our sim-
ulations traverse the energy landscape with a negligible
probability of getting trapped in local minima.
The most intuitive way to prescribe orthotropic prop-
erties on the surface of a spherical shell is with refer-
ence to its poles. The elastic modulus Em applies in the
meridional direction, while Ez is defined in the zonal di-
rection parallel to the equator as seen in Fig. 1(b). The
meridians intersect at the poles, while the zonal lines
remain parallel. This geometric setup implies that differ-
ent buckling regimes occur when the ratio of the elastic
moduli λ = Ez/Em is greater or less than unity. Details
on the material properties and numerical implementation
can be found in the Supplemental Material [? ].
A variety of different post-buckled conformations are
simulated in the parameter space of R/h and λ (Fig. 2).
Three distinct phases of collapsed shells are identified -
single, symmetric biconcave double, and multiple inden-
tations. The final post-buckled shapes are always found
to be in the single indentation phase in the isotropic case
(λ = 1), in agreement with some previous studies on
spherical shells with zero spontaneous curvature [10, 13].
In the isotropic case and for slender orthotropic shells
(R/h ≈ 70–110) close to the boundaries of the single in-
3dentation phase, the structures can sometimes retain up
to three indentations even with a low reduced volume
fraction, ∆V/V0 ≤ 0.9 (where V0 is the initial and ∆V
is the lost fluid volume), before eventually undergoing
a merging process to form a single indentation, thereby
showcasing transient behavior in the system [13]. This
low number of stable indentations (which we later con-
firm with our experiments) runs contrary to previous sim-
ulation studies for isotropic shells with much lower slen-
derness values (R/h ≤ 20) [4, 11], which were based on a
reduced Helfrich energy functional that does not account
for Gaussian curvature rigidity.
As λ deviates from unity, the post-buckling shapes be-
come highly dependent on the slenderness. For thicker
shells (R/h ≈ 30), the post-buckling conformations are
still in the single indentation phase, but as the shells be-
come thinner, two novel and distinct phases emerge. For
λ ≈ 1.25–10 and 70 ≤ R/h ≤ 110, two indentations are
initiated at opposite poles and grow inward at roughly
the same rate until self-contact is realized. This is ex-
plained by the fact that the poles are converging points
for meridional lines of lower modulus (Em), which gives
them a lower bending stiffness, making them the areas
on the shell with the least resistance against indenta-
tions. This biconcave shape is characteristic of healthy
red blood cells [28].
For slender shells with λ ≈ 0.1–0.5, post-buckling con-
formations exhibit multiple indentations. In this phase,
the shells initially morph into prolate spheroids with pro-
gressively growing ellipticity under fluid loss. This obser-
vation can be explained by the zonal lines having a lower
Ez than the poles, resulting in the compression of the
spherical shell along the equator and other zonal lines.
Multiple spherical cap inversions then form, grow in-
wards, and remain robust even at very high ∆V/V0. The
poles are the most stable areas on the spherical shell due
to the convergence of the stiffer meridional lines, and the
mean curvature κm is highest at the poles and lowest in
the equatorial region. As the geometry-induced stiffness
has been shown to be proportional to κm in spheroidal
shells [29], indentations are expected to initiate around
the flexible equatorial region. For highly orthotropic
shells, with λ ≈ 0.1 and R/h = 50–90, the simulations
follow this prediction, as a large initial change in the el-
lipticity drives the shell towards an elongated structure
with 3–4 indentations along the meridional axis. This
showcases a buckling pattern found in dehydrated tricol-
pate Brassica rapa pollen grains, whose folding has been
shown to be guided by the composite intine of the cell
wall [30, 31]. However, for highly slender shells, with
R/h ≈ 110 and λ ≈ 0.25, the change in ellipticity is
much less significant, resulting in a very slight change in
κm along the meridians. No correlation between patterns
of equivalent stress and locations of the onset of indenta-
tions could be observed prior to buckling. This results in
a cuboid-like structure with 5–6 indentations, similar to
anisotropic gel phase vesicles in Ref. [11]. Given a buck-
led elastic homogeneous shell with a known thickness and
diameter, one can infer the type of orthotropy (λ < 1 or
λ > 1) from the placement and number of indentations.
Secondary buckling modes also provide clues to λ, and
are seen across the parameter space, generally along the
periphery and perpendicular to the ridge of the initial
indentation. These secondary effects give the ridge an
equilateral polygonal shape with a number of corners, N ,
that increases with the slenderness due to the associated
reduction in bending stiffness. Shells with λ 1 usually
have triangular-shaped ridges as the greater ellipticity of
the spheroid makes it less energy efficient to form a square
or other higher order polygons, unless the shell is very
slender. A similar triangular-shaped ridge is found to be
present in stomatocytes, which are formed due to defects
in the membrane bilayer of red blood cells, which has
been linked to membrane orthotropy [8, 32]. For λ 1,
low R/h values lead to the absence of any secondary
buckling modes, resulting in a perfectly smooth spherical
cap inversion, similar to thick isotropic shells in Ref. [10].
For 0.25 < λ < 4, N generally increases with R/h from
4 → 5 → 6, with the exception of λ = 1, which remains
pentagonal in the simulated range 30 < R/h < 110.
The evolution of the strain energy U gives further insight
into shell collapse dynamics. At very high reduced vol-
ume fractions (∆V/V0 > 0.9), U is shown to increase sig-
nificantly due to self-contact between the indentation(s)
(Fig. 3(a)). The parameters λ = 0.5 and R/h = 110
represent the transient case, where for a majority of sim-
ulation runs, a large drop in U is seen due to a reduction
in the number of indentations at high ∆V/V0. For mod-
erate volume fractions (0.1 < ∆V/V0 < 0.6), depending
on λ, we find that U ∼ (∆V/V0)β with an exponent of
β = 0.72 ± 0.02 (Fig. 3(b)), which is very close to pre-
vious work on isotropic shells [13]. The strain energy
in the region ∆V/V0 = 0.1 → 0.6 is always largest at
λ = 1 and reduces as λ deviates from 1. λ < 0.5 has
higher U than λ > 2.0. This is expected, as U has been
shown to scale with the number of indentations with an
exponent of 0.25 [17]. Regardless of the shell properties,
at ∆V/V0 < 0.1, there is a peak in U corresponding to
the initial spherical cap inversion. This increase in U
scales quadratically with ∆V/V0 (Fig. 3(c)). At λ = 1,
the peak occurs at a relatively high ∆V/V0 compared to
moderately orthotropic materials (0.5 < λ < 2.0), due to
the inherent stability of the homogeneous isotropic shell.
As λ deviates further from unity, the peak shifts back
to larger ∆V/V0 values, and in the case of λ = 0.1–0.4,
even exceeds that of the isotropic case. While this might
seem counter-intuitive, it can be explained by the effect
of the geometric transformation of the shell towards el-
lipticity outweighing the loss in bending stiffness caused
by the high degree of orthotropy. This effect is more pro-
nounced for λ < 0.5, as these structures undergo larger
geometric changes than for λ > 2.0, allowing the λ < 0.5
4FIG. 3. (a) Evolution of the strain energy U (Joule) for dif-
ferent λ at fixed slenderness R/h = 110. The colors represent
the single, biconcave double and multiple indentation phases
from Fig. 2. Note that curves are vertically shifted for better
visibility. Snapshots and their cuts are shown for the transient
buckling case (λ = 0.5) at specific reduced volume fractions.
(b) U scales quadratically with ∆V/V0 before the onset of the
first indentation. (c) U scales with ∆V/V0 as a power law with
exponent β = 0.72± 0.02 in the region 0.1 ≤ ∆V/V0 ≤ 0.6.
shells to withstand higher compressive stresses without
collapsing.
To support our numerical findings with experimental
evidence, we reproduced the volume-controlled collapse
with a versatile technique for fabricating shells [33, 34].
The procedure consists of pouring a silicone-based liquid
polymer solution onto a steel sphere, resulting in hemi-
spherical shells of relatively predictable thickness after
the uncured polymer has drained. To create a spher-
ical shell, two hemispherical caps (R of 110mm and h
of 1.2± 0.06 mm) are produced separately and glued to-
gether at the equator (Fig. S1). In the orthotropic case,
strips of thin PTFE film are glued on in the meridional
direction to provide fiber reinforcement. The effect of the
stiffer PTFE results in an orthotropic shell with a λ of
0.15 using equivalent stiffness models for composites [35].
These spherical shells are then filled with water through
a valve and placed inside a water bath. In the case of the
isotropic shell, ejecting the encapsulated water at differ-
ent rates (over 1–100 s) always showcases a robust single
indentation, with N = 4–5 (Fig. 2). The orthotropic
case yields a shape very similar to the elongated struc-
ture (similar to tricolpate Brassica rapa pollen) found in
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FIG. 4. Scaling of the critical buckling pressure with λ and
R/h. Each data point represents the average over five inde-
pendent simulations; error bars denote statistical errors.
the simulated multiple indentations phase.
Studying the change in critical pressure pc for shells
with varying R/h and λ provides a quantitative descrip-
tion of their structural stability [13]. Since orthotropic
extensions of Eq. 1 do not exist for spherical or ellipsoidal
shells to the best of our knowledge [36], our analysis of
pc for anisotropic shells can only be validated compared
to the theoretical pci. To simulate rapid collapse, subdi-
vision surface shell elements within a dynamic time inte-
gration framework [25, 37–39] are used to ensure a high
degree of accuracy.
The numerical results confirm that pc of the or-
thotropic spherical shells remains approximately propor-
tional to (R/h)−2 as in Eq. 1 as shown in Fig. 4. All
pressure data approximately collapse onto a master curve
after scaling by
pc,stiff =
4 max{Em, Ez}√
12(1−min{νzm, νmz}2)
(
h
R
)2
. (2)
The collapse converges in the membrane limit R/h→∞.
pc is scaled by pc,stiff because in the orthotropic case,
buckling can only be initiated when the bending en-
ergy barrier in both principal tangential directions is
exceeded, making the critical pressure governed by the
stiffer of the two in first order. This is consistent with
the behavior of other types of material tuning [15].
The dependence of pc on λ reveals a distinct difference
between the two orthotropic regimes λ < 1 and λ > 1.
The theoretical prefactor of 4 (3.84 ± 0.03 in the sim-
ulations) decreases as λ deviates from 1. The regime
with λ < 1 always provides larger prefactors than λ > 1
for the same logarithmic distance |log λ|, as is expected
from the controlled collapse analysis. While for λ < 1
the critical pressure drops nearly linearly with the degree
of orthotropy for sufficiently thin shells in the examined
5range, the scaling is nonlinear for λ > 1 and does not ap-
pear to follow a simple functional relationship. A part of
the observed nonlinearity in λ stems from the nonlinear
deformation of orthotropic spheres into spheroids under
compression [36].
Our study shows that material orthotropy and shell
slenderness can be tuned to achieve three distinct regimes
of post-buckled shapes. This suggests that the shapes of
red blood cells and Brassica rapa pollen occurring in Na-
ture can now be examined through the lens of anisotropic
properties, yielding insight into their structure-function
relationship [6, 8, 9]. We also find that strongly or-
thotropic materials can be more stable under controlled
collapse than isotropic structures, despite having lower
equivalent stiffness, resulting in potential applications in
the fabrication of functional colloids. Finally, the vari-
ability of the scaling behavior of the critical pressure with
the type of orthotropy (λ < 1 or λ > 1) poses an inter-
esting query that requires further theoretical insight.
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NON-LINEAR FINITE ELEMENT
IMPLEMENTATION
The spherical shell in the collapse simulations is
represented by shear-flexible, large-rotation (Reissner–
Mindlin) elements. The expression for the internal vir-
tual work in this formulation reads
δW int =
∫
Ω
(
δαβ
∫
h
σαβ dz + δκαβ
∫
h
z σαβ dz
)
dΩ
+
∑
i
Ki3α γ
i
3α δγ
i
3α , (1)
where δαβ and δκαβ are the first variations of the mem-
brane and bending strain tensors over the middle surface
Ω, σαβ is the Cauchy stress tensor on a surface offset
by a distance z from the middle surface over the shell
thickness h, and γ3α is the transverse shear strain with
stiffness Ki3α at a reduced set of integration points i. This
stiffness is given by [1]
K3α =
G3α h∆A
(1 + q∆A/h2)
, (2)
where G3α are the elastic moduli associated with trans-
verse shear, ∆A is the reference surface area associated
with i, and q = 0.25× 10−4 is a numerical factor.
The strain measure in this formulation corresponds to
the Koiter–Sanders theory [2]. Furthermore, the Cauchy
stress tensor at a given z is given by
σαβ = Dαβγδ (γδ − z κδγ) , (3)
where the plane stress elastic stiffness tensor, Dαβγδ, de-
fines the orthotropic material properties of the shell. The
study of anisotropy requires careful consideration of Pois-
son ratio and shear modulus values to ensure physically
meaningful results [3] and material stability given by a
positive-definite elasticity tensor [4]. To maintain consis-
tency with our experiments, we choose νzm = ν
√
λ and
νmz = ν/
√
λ with fixed max{νzm, νmz} = 0.3. In the
pressure-controlled collapse simulations, we fix ν = 0.3.
The shear modulus is set to Gzm =
√
EzEm
2(1+
√
νzmνmz)
[5],
which uses the geometric mean of the Young’s moduli
and Poisson ratios.
The pressure load stiffness arising from the cavity con-
straint results in the external virtual work given by
δW ext =
∫
Ω
−pδV − δp(V − V ) dΩ , (4)
where p is the pressure, V is the volume enclosed by the
shell and V is the actual volume of the fluid [6]. For
the volume-controlled simulations, p takes the role of a
Lagrange multiplier for the volume constraint.
The finite element in this formulation contains 6 de-
grees of freedom (including 1 constrained rotational de-
gree of freedom) per node and uses bi-quadratic inter-
polation functions for the displacements and rotations.
Material randomness is introduced by multiplying the
Young’s moduli of individual elements by a random vari-
able X distributed as log(X) ∼ N (0, σ2) with a standard
deviation of σ = 0.001.
Taking the long time scale of the volume compression
process into account, a quasi-static system with appropri-
ate damping is solved using an implicit, adaptive, back-
ward Euler time-integration scheme. Thickness integra-
tion is performed using Simpson’s rule.
Self contact of the shell during collapse is implemented
with a finite-sliding, surface-to-surface discretization us-
ing the penalty method for constraint enforcement. In
this formulation, the inner membrane of the cavity is de-
fined as both the master and slave surface for finding
contact pairs [7].
FABRICATION OF ORTHOTROPIC SPHERICAL
SHELLS
 
FIG. S1. (a) Hemispherical cap with four layers on a sphere
of radius 110 mm. (b) Complete spherical shell after curing.
ar
X
iv
:1
90
3.
09
47
6v
2 
 [c
on
d-
ma
t.s
of
t] 
 11
 Ju
l 2
01
9
2[1] ABAQUS/CAE User’s Guide, Version 6.14 (2014).
[2] B. Budiansky and J. Sanders, Prog. Appl. Mech., The
Prager Anniversary Volume (Macmillan, London, 1963)
Chap. On the ”best” First-order Linear Shell Theory, pp.
129–140.
[3] F. Quemeneur, C. Quilliet, M. Faivre, A. Viallat, and
B. Pe´pin-Donat, Phys. Rev. Lett. 108, 108303 (2012).
[4] Y. Li and J. Barbicˇ, in Proceedings of the ACM SIG-
GRAPH/Eurographics Symposium on Computer Anima-
tion, SCA ’14 (Eurographics Association, 2014) pp. 41–46.
[5] M. T. Huber, Bauingenieur 4, 354 (1923).
[6] H. A. Mang, Int. J. Numer. Meth. Eng. 15, 981 (1980).
[7] J. T. Oden and E. B. Pires, J. Appl. Mech. 50, 67 (1983).
